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Abstract 

Let G be a graph and / : V(G) — > N be a function. An /-coloring of a graph G is an 
edge coloring such that each color appears at each vertex v £ V(G) at most f(v) times. The 
minimum number of colors needed to /-color G is called the /-chromatic index of G and is 
denoted by x'f(G). It was shown that for every graph G, A/(G) < x'f(G) < A/(G) + 1, where 
A /(G) = max„ 6 v(G) [~ 1 ■ A graph G is said to be /-Class 1 if X/(G) = A/(G), and /-Class 

2, otherwise. Also, G/\ f is the induced subgraph of G on {« £ F(G) : = A/(G)}. In 

this paper, we show that if G is a connected graph with A(Gaj.) < 2 and G has an edge cut 
of size at most A/(G) — 2 which is a matching or a star, then G is /-Class 1. Also, we prove 
that if G is a connected graph and every connected component of Ga^ is a unicyclic graph 
or a tree and G A f is not 2-regular, then G is /-Class 1. Moreover, we show that except one 
graph, every connected claw-free graph G whose /-core is 2-regular with a vertex v such that 
f(v) 1 is /-Class 1. 

1 Introduction 

All graphs considered in this paper are simple and finite. Let G be a graph. The number of vertices 
of G is called the order of G and is denoted by G|. Also, V(G) and E{G) denote the vertex set 
and the edge set of G, respectively. The degree of a vertex v in G is denoted by dc(v) and Nq(v) 
denotes the set of all vertices adjacent to v. For a subgraph H of G, dn(v ) = \Nq(v) Cl V(H)\. 
Also, let A(G) and 6(G) denote the maximum degree and the minimum degree of G, respectively. 
A star graph is a graph containing a vertex adjacent to all other vertices and with no extra edges. 
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A matching in a graph is a set of pairwise non-adjacent edges. An edge cut is a set of edges whose 
removal produces a subgraph with more connected components than the original graph. Moreover, 
a graph is k-edge connected if the minimum number of edges whose removal would disconnect the 
graph is at least k. We mean G\H , the induced subgraph on V(G) \ V(H). For two subsets S 
and T of V(G), where S fl T = 0, ec(S,T) denotes the number of edges with one end in S and 
other end in T. For a subset X C V(G), we denote the induced subgraph of G on A' by (A). A 
graph G is called a unicyclic graph if it is connected and contains exactly one cycle. 

A k-edge coloring of a graph G is a function / : E(G) —> L , where \L\ = k and /(ei) ^ /(e 2 ), 
for every two adjacent edges ei, e 2 of G. The minimum number of colors needed to color the edges 
of G properly is called the chromatic index of G and is denoted by x'(G). Vizing [6; proved that 
A(G) < \!{G) < A (G) + 1, for any graph G. A graph G is said to be Class 1 if x'{G) = A(G) 
and Class 2 if x'(G) = A(G) + 1. A graph G is called critical if G is connected, Class 2 and 
X'(G \ e) < x'(G), for every edge e £ E(G). Also, Ga is the induced subgraph on all vertices of 
degree A(G). 

For a function / which assigns a positive integer f(v) to each vertex v £ V(G), an f-coloring 
of G is an edge coloring of G such that each vertex v has at most f(v) edges colored with the same 
color. The minimum number of colors needed to /-color G is called the / -chromatic index of G, 
and denoted by X/(G). For a graph G, if f(y) = 1 for all v £ V(G), then the /-coloring of G is 
reduced to the proper edge coloring of G. Let A/(G) = max veV ( G ) |~ d °/y 1 ■ A graph G is said to be 
f-Class 1 if X/(G) = A/(G) and f-Class 2, otherwise. Also, we say that G has a A/(G)-coloring 
if G is /-Class 1. A vertex v is called an f-maximum vertex if ddv) = /(u)A/(G). A graph G 
is called f-critical if G is connected, /-Class 2 and X/(G \ e) < X/(G), for every edge e £ E(G). 
The / -core of a graph G is the induced subgraph of G on the /-maximum vertices and denoted by 
Gaj: • The following example introduces an /-Class 1 graph. 

Example 1. Let G be a graph shown in the following figure such that f(v 1 ) = f(v 2 ) = 2 and 
f{vi) = 1, for i = 3,... ,7. It is easy to see that A/(G) = 2, G& f = K 3 and G is f-Class 1. 



Figure 1: An /-Class 1 graph 


In [3], Hakimi and Kariv obtained the following three results. 


Theorem 1. Let G be a graph. Then 


A/(G) < X/(G) < max„ ey(G) < A/(G) + 1. 
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Theorem 2. Let G be a bipartite graph. Then G is f-Class 1. 


Theorem 3. Let G be a graph and f(v) be even, for all v G V(G). Then G is f-Class 1. 

Theorem 4.(7] Let G be a graph. If f(v) \ d(v) for all v G V(G Af ), then G is f-Class 1. 

Following result due to Zhang, Wang and Liu gave a series of sufficient conditions for a graph 
G to be /-Class 1 based on the /-core of G. 

Theorem 5.(9] Let G be a graph. If G Af is a forest, then G is f-Class 1. 

In [5], some properties of /-critical graphs are given. In the following, we review one of them. 

Theorem 6. For every vertex v of an f-critical graph G, v is adjacent to at least 2 f(v) f -maximum 
vertices and G contains at least three f -maximum vertices. 

There are some theorems in proper edge coloring of graphs as follows: 

Theorem 7.(4] Let G be a connected Class 2 graph with A(Ga) < 2. Then: 

1 . G is critical; 

2. S(G a ) = 2; 

3. S(G) = A(G) — 1, unless G is an odd cycle. 

Theorem 8.(1] Let G be a connected graph and A(Ga) < 2. Suppose that G has an edge cut of 
size at most A(G) — 2 which is a matching or a star. Then G is Class 1. 

Theorem 9.[Tj Let G be a connected graph. If every connected component of Ga is a unicyclic 
graph or a tree and Ga is not 2-regular, then G is Class 1. 

In [2], Theorem [3 and Theorem [5] in a case that the edge cut is a matching were generalized to 
/-colorings. 

Theorem 10. [2] Let G be a connected f-Class 2 graph with A(G Af ) < 2. Then the followings 
hold: 

1 . G is f-critical; 

2. G Af is 2-regular; 

3. d G (v) = f(v)Af(G) - 1, for every v G V(G) \V(G Af ). 
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Theorem 11.(2] Let G be a connected graph and A(G'a / ) < 2. Suppose that G has an edge cut of 
size at most A/(G) — 2 which is a matching. Then G is f-Class 1 and G has a A/(G)- coloring in 
which the edges of the edge cut have different colors. 

In this paper, we prove Theorems [8] and [9] in /-coloring of graphs. Moreover, we show that 
except one graph, every connected claw-free graph G whose /-core is 2-regular with a vertex v 
such that f(y) ^ 1 is /-Class 1. 


2 Results 

In this section, we generalize Theorems [8] [9] and we obtain some results in /-coloring of claw-free 
graphs whose /-core is 2-regular. To see this, first we want to prove that if a connected graph G 
with A(G Af ) < 2 has an edge cut of size at most A/(G) — 2 which is a matching or a star, then 
G is /-Class 1. To do this, first we need a lemma which is proved in [|2j. 

Lemma 1.(2] Let G be a connected graph with A(G Af ) < 2. Suppose that F = {uvi ,..., uv k }, 
k < A/(G) — 2, is an edge cut of G and f{u) = 1. Then G is f-Class 1. 

Theorem 12. Let G be a connected graph and A(G Af ) < 2. Suppose that G has an edge cut of 
size at most A/(G) — 2 which is a matching or a star. Then G is f-Class 1. 

Proof. Clearly, we can assume that A/(G) > 3. By Theorem ITD we can assume that the edge 
cut is a star. Let F = {uv \,..., uv k }, k < A/(G) — 2, is an edge cut and V{G) = X U Y, 
X fl Y = 0 and every edge of F has one end point in X and other end point in Y. Let Gi and 
G 2 be the induced subgraphs on X and Y, respectively. With no loss of generality, assume that 
u G V(G 1 ) and Vi G VXG 2 ), for i = 1,..., k. By Lemma Q] and Theorem [Til we can assume 
that k,f(u) > 2. To the contrary assume that G is /-Class 2. Since A(G Af ) < 2 by Theorem 
flOl G is /-critical and noting that f(u) > 2, by Theorem 0 u qL V(G Af ). Thus by Theorem 
HOI dc(u) = f(u)Af(G) — 1 > 2A/(G) — 1. Also, note that since G is /-critical, by TheoremjGl 
|P(Gj)nV’(GA / )| > 2, for i = 1,2. Let Ng 1 {u) = {wi,... ,w t }. Note that since G is /-Class 2 and 
A/(G) > 3, by Theorem [Til G has no cut edge. Thus there exists a component D of Gi \ {it} such 
that |1 V£>(m)| > 2. With no loss of generality, let w\,w t G V(D). Add three new vertices x, y and 
z to G\ {it}. Then join x,y and z to {w lt .. .,w Af ( G )-k}, {®A f (G)-t+i. • • ■, u>t} and {vi,.. .,v k }, 
respectively. Let U = ((P(Gi) \ {u}) U {a;, y}) and K = {V(G 2 ) U (^}). Let f :V{H U K) —» N 
be a function defined by 


/(«) 

v G V(G), 

1 

v G {x, z}, 

f{v) - 1 

v = y. 
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Note that H and K are connected. Moreover, max(A//(if), Af(K)) < A/(G), because 


78 < MG) 

v £ V(G), 

A f (G)-k< A f (G) 

V = X, 

k < A/(G) — 2 < A f (G) 

V = z, 

d a (u)-A f (G) _ f(u)A f (G)-l-A f (G) „ A .(£) 
f(u)~ 1 f{u)~ 1 f' ’ 

v = y. 


and since \V{Gi) n V(Ga/)| > 2, for i = 1,2, A f>{H) = Af(K) = A/(G). 

We claim that both H and 7\ are /'-Class 1. Note that if H is /'-Class 2, then by Theorem 
[HU du{x) = f'(x)Ap(H) — 1 = A/(G) — 1, but dn{x) = A /(G) — fc < A/(G) — 2, a contradiction. 

So, there exists an /'-coloring </> of by colors {1,..., A//(if)}. Similarly, there is an /'-coloring 
9 of K by colors {1,..., A f{K)} and the claim is proved. 

By a suitable permutation of colors, one may assume that {(f>{xw \),..., 4>(xw& f (G)-k)i 9(zv i),..., O(zVk)} 
are distinct. Now, define an /-coloring c : E(G) —{!,..., A/(G)} as follows: 


c(e) = </>(e) 
c(e') = 9(e') 


for every e £ E{G\ \ {w}), 
for every e' £ E(G 2 ), 


c(uVi ) = O(zvi) for i = 


c(uwi) = <j){xwi ) for * = 1,..., A/(G) — fc, 
c(uwi ) = < f>(ywi ) for i = A/(G) — A; + 1,..., t. 


This implies that G is /-Class 1 which is a contradiction and the proof is complete. 


□ 


Now, we want to prove another result in /-coloring of graphs which classify some of /-Class 1 
graphs. To do this, we need the following lemma. 

Lemma 2.[S] Let C denote the set of colors available to color the edges of a simple graph G. 
Suppose that e = uv is an uncolored edge in G, and graph G \ {e} is f-colored with the colors in 
C. If for every neighbor x of either u or v, there exists a color a x which appears at most f(x) — 1 
times, then there exists an f-coloring of G using colors of C. 


Theorem 13. Let G be a connected graph. If every connected component of G/\ f is a unicyclic 
graph or a tree and G a / is not 2-regular, then G is f-Class 1. 

Proof. First suppose that A(Ga/) < 2. Toward a contradiction, assume that G is /-Class 2. By 
Theorem na Gaj is 2-regular, which is a contradiction. So, one may suppose that A(Ga/) > 3. 
Now, the proof is by induction on to = |£'(Ga / )|- Since A(GA y ) > 3, we have to > 3. First 
assume that to = 3. Then G/± f = K\^. Consider H = G \ {e}, where e = uv £ E(G& f ) and 
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d<3 A/ (w) = 1- Consider the graph H with function /. We want to show that H is /-Class 1. If H 
is connected, then H& f is the union of two isolated vertices. Then by Theorem [lUl H is /-Class 
1. Now, assume that H is not connected. Let P and Q be two connected components of H such 
that u £ V(P) and v £ V(Q). Note that A /(P) = A /(G). Since 5(P/± f ) = 0, by Theorem [TUI 
P is /-Class 1. Now, if A f(Q) < A/(G), then by Theorem [l] Q has an /-coloring with colors 
{1,..., A/(G)}. Also, if A f(Q) = A/(G), then clearly Q& f = 0 and by Theorem (4[ Q is /-Class 
1. Also, Now, since for every x £ Ng(v) \ {«}, we have x qL V(Ga / ), there exists a color a x which 
appears at most f(x) — 1 times in x and so by Lemma [2j G is /-Class 1 and we are done. 

Let G be a graph and t = \E(G/\ f )\- Assume that the assertion holds for all graphs with 
m < t. Consider H = G \ {e}, where e = uv is one of edges of G& f such that dG A/ ( v ) = 1 and 
d GA/ (u) > 2. Consider the graph H with function /. We would like to show that H is /-Class 1. 
Two cases may occur. 

First assume that H is connected. If A(H& f ) > 3, then by the induction hypothesis we are 
done. If A(i?A/) < 2 and H/\ f is not 2-regular, then by Theorem [TUI H is /-Class 1. Thus assume 
that i?A/ is 2-regular. Then it is not hard to see that G& f is a disjoint union of some cycles and 
the graph shown in the following figure: 



Figure 2: A part of Ga/ 

Now, by Theorem [TUI H is /-critical and so by Theorem [Gl u should have at least two neighbors 
in i?A/j a contradiction. 

Next assume that H is not connected. Let P and Q be two connected components of H such 
that u € V(P) and v £ V(Q). Clearly, A/(P) = A/(G). If A(Pa^) > 3, then by the induction 
hypothesis, P is /-Class 1. If A(P& f ) < 2 and P& f is not 2-regular, then by Theorem [TUI P is 
/-Class 1. Thus assume that P/± f is 2-regular. Then it is not hard to see that G& f is the disjoint 
union of some unicycles, trees and the graph shown in the Figure 2. Now, by Theorem [TUI P is 
/-critical and so by Theorem [UJ u should have at least two neighbors in P /± f , a contradiction and 
P is /-Class 1. Now, if A/(Q) < A/(G), then by Theorem [T] Q has an /-coloring with colors 
{1,..., A/(G)}. So, assume that A/(Q) = A/(G). Now, if Q& f = 0, then by Theorem [4[ Q 
is /-Class 1. Otherwise, similar to the argument about P, Q is /-Class 1. Now, since for every 
x £ Ng{v) \ {«}, we have x ^ V(Ga / ), there exists a color a x which appears at most f(x) — 1 
times in x and so by Lemma [2[ G is /-Class 1 and we are done. □ 

Theorem 14. Let G be a connected claw-free graph with A(G& f ) < 2. If there exists a vertex 
v £ V(G ) such that f(v) 1 and G ^ W, where W is the graph shown in the following figure, 
then G is f-Class 1. 
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1 1 

Figure 3: The graph W (The value of each vertex z denotes f(z)) 

Proof. To the contrary assume that G is /-Class 2. Then by Theorem [10l G is /-critical and 
Gaj- is 2-regular. Now, by Theorem [ 6 l f(u) = 1, for every u £ V(G/± f ) and so by the definition 
we have 

e? G (w) = A/(G), for every u £ V(G/± f ). (1) 

Note that, if A/(G) = 2, then since G is connected and G\ f is 2-regular, G = G\ { and there is 
no vertex v with f(v) ^ 1. Thus we can assume that 

A/(G) > 3. (2) 

Let H = G \ Ga,- Now, if I7 V Ga (a;) I > 7, for some x £ V(H), then clearly there exists an 
independent set of size 3 in 7 V Ga ( x ) which implies that G has a claw, a contradiction. Thus we 
have 

\ N G Af (z)| < 6 , for every x £ V(H). (3) 

Now, to prove the theorem, first we need the following claim: 

Claim 1 . f(z) < 2, for every z £ V(G). 

Proof of Claim 1. To see this by the contrary, assume that there exists a vertex z £ V(G) such 
that f(z) > 3. Clearly, z £ V(H). Now, by ([3]) and Theorem [ 6 l we conclude that |-/V Ga (z)| = 6 
and f(z) = 3. Then by Theorem [TUI dciz) = 3A/(G) — 1 and so dn{z) = 3A/(G) — 7. Now, we 
want to show that for every w £ Nh(z), \Ng a {z) PI No Af {w)\ > 3. Because otherwise, there are 
at least 4 vertices, say u±,U 2 , M 3 ,114 £ NG Af (“)> suc h that wui qL E(G), for i = 1,..., 4. Now, since 
Gaj is 2-regular, with no loss of generality, we can assume that U 1 U 2 ^ E(G). Then (u\,U 2 ,w, z) 
is a claw, a contradiction. Thus, we conclude that for every w £ Nh(z), |A r G Af {w)C\Ng A{ (z)| > 3. 
This implies that 


3(3A / (G) - 7) < e G (A GA/ (z), N H (z)) < 6(A / (G) - 3), 

which yields that A/(G) < 1, a contradiction and the claim is proved. 

Now, by the assumption of theorem and Claim 1, we can assume that there exists a vertex 
v £ V(H) such that f(v) = 2. Then, by Theorem [TUI dc(v) = 2A/(G) — 1. Now, by Theorem[G] 
and using (j3j) , we have 4 < \NG Af ( t ’)l A 6. Thus, three cases may occur: 

Case 1. |A Ga/ (u)| = 4. 

Let Nc Af (v) = {iti,... , 144 } and Nh{v) = {uii,..., W 2 A f (G)- 5 }- Since G/\ f is 2-regular, with no 
loss of generality, there are two non-adjacent vertices U\,U 2 £ NG Af (v). Since G is claw-free, 
u\Wi £ E(G) or U 2 W 1 £ E(G), for * = 1,, 2A/(G) — 5. Thus, 

2A/(G) - 5 < e G (N H (v), {«i,u 2 }) < 2(A/(G) - 3), 
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a contradiction. 


Case 2. |1 V Ga/ (i;)| = 5. 

Let A'Gaj. ( v ) = {«i, ■ • •, 115} and Njj(v) = {w±, ..., W2a / (G)-6}- First note that since G is claw- 
free, A Ga/ (v) does not contain an independent set of size 3 and so it can be easily checked that 
( 1 V Ga (v)) is one of two following graphs: 



Figure 4: (N G&f (v)) when \ {N GAf (v))\ = 5 

Three subcases may occur: 

(i) A/(G) = 3. 

We have d G (v) = 2A/(G) — 1 = 5. Now, if ( 1 V Ga (u)} = G5, then G is the graph shown in Figure 
3, a contradiction. Thus, assume that (N G ^ (v)) is the graph shown in Figure 4(6). By Theorem 
m since Ga, is 2-regular, there exists uq £ 7 V Ga (it5)\{u4} and 117 £ iV GA (u4)\{u5}. Now, we 
divide the proof of this subcase into two parts: 

t wg / 117. Let L = G\{v, iti,..., Up, }. Now, add a new vertex x to L and join x to uq and 117. 
Call the resultant graph L'. Let /' : V(L') —> N be a function defined by 


/'(*) 


f(z) z£V(L ), 

1 Z = X. 


Clearly, L ' is a connected graph with A p(L') = A/(G) = 3. Note that since d,L>{x) = 2, we 
have x V(L' A ) and so S(L A ) = 1. Now, since A (L' A ) < 2 and L' A is not 2-regular, by 
Theorem m l' has an /'-coloring call 9 , with colors {1,2,3}. With no loss of generality, assume 
that 9 (xu7 ) = 1 and Q(xu§) = 2. Now, define an /-coloring c : E(G) —>• {1,2,3} as follows. 

Define c(e) = 9(e ), for every e £ E(L) and 


0(114X17) = c(vui) = c(vu^) = c(u2Us) = 1 
c(u§Uq) = c(l’U4 ) = c(vU3) = c(u\U 2 ) = 2 
0(114113) = c(vu 2) = 0(114113) = 3 . 


• uq = 117. Since A/(G) = 3 , uq has a neighbor f, where t £ {r),ui,... ,its}. Clearly, tue is a 




cut edge for G and by Theorem fl2l G is /-class 1, a contradiction. 

(«) A/(G)= 4. 

Clearly, dc(i;) = 2 A/(G) — 1 = 7 and Nh(v ) = 1 ^ 2 }- Now, we divide the proof of this subcase 

into two parts: 

• {Ng& (v)) is the graph shown in Figure 4(a). 

Since G is claw-free, noting that U1U4 qL E{G), we have u\W\ G E(G) or U4W1 G E{G). With 
no loss of generality assume that U4W1 G E(G). Moreover, since (v, u±, U4, W2) is not a claw and 
Ng(ui) = {v,U2,U3,wi} : we have U4W2 G E(G). Similarly, since {v,u\,u^,W2) is not a claw and 
Ng{u 1) = {v, U2, U3, Wi}, we conclude that U5W2 G E(G). Also, since {v,U2,U4,W\) is not a claw 
and Ng{u4 ) = {u, 163, W5, W2}, we obtain that U2W1 G E(G). Moreover, since (v,U 3 , 115,1x4} is not 
a claw and Ng(u$) = (v, M2, W4, W2}, U3W1 G E(G). Now, clearly (v,112,113, W2) is a claw which is 
a contradiction. 

• (Ng A/ (m)} is the graph shown in Figure 4(6). 

Similar to the previous argument, we can assume that {u\W\, U2W1, U3W4, U4W2, U5W2} C E(G). 
Now, since dc(wi) > 4, f(wi) > 2. Now, by Claim 1 we conclude that f(wi) = 2 and so by 
Theorem flTTl dc(w 1 ) = 7. Assume that Ng(w\) = {v,Vi,V 2 ,V 3 ,ui, 112 , 113 }. Now, by Theorem [6l 
we have |-/Vg A/ (ud)| > 4. If |-/Vg A/ (ud)| = 4, then by Case 1, we are done. So, we can assume that 
|A r G A/ (wi)| > 5. Thus we have 

Vi,v 2 e V(G A/ ). (4) 

Also, since ( u\,Vi,Vj,w\ ) is not a claw, for i,j = 1,2,3 and Ag(mi) = {v,U2,U3,w\}, we obtain 
that 

{vi,V2,v 3 ) = k 3 , ( 5 ) 

Now, we show that 

i>3 ^ W 2 (6) 

To the contrary assume that V 3 = w 2 . Then da(w 2 ) > 6 and since W 2 ^ V(GA f ), we have 
f(w 2 ) = 2. Let Ng(w 2 ) = {i>, Vi,V2,U4,u 5 ,Wi,y}, where y {ui,u 2 , w 3 }- Now, since {u\,U 4 ,w 2 ,y) 
and (ui,U5,W2,y) are not claws, we conclude that {u4,u^,y) is a K3 in G A f and so yv 4 ^ E{G). 
Then (v,V\,W2,y) is a claw, a contradiction and (O holds. 

Now, consider L = G \ {i>, U\,U 2 , 113 , u>i}. Add a new vertex x to L and join x to 1/5, u>2, V 2 , V 3 . 
Call the resultant graph L'. Define /' : V(L') —> N be a function defined by 


\f(z) z G V(L), 

f(z)={ 

I 1 Z = X. 

Clearly by JSJ), L' is connected and v\,U 4 £ V(L A ). Now, if V 3 £ V’(Ga / ), then clearly S(L' A ) = 
1 and A (L’ A ) < 2 and by Theorem [TOl L' is /'-Class 1. So, assume that V 3 G V(Ga / )- Clearly 
L' a is not 2-regular and each of the components is a unicyclic graph or a tree. Now, by Theorem 
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m l' has an /'-coloring call 9, with colors {1,2, 3,4}. With no loss of generality, assume that 
9{xu$) = 1, 6 {xvj 2 ) = 2, 9(xv 3 ) = 3 and 9 (xv 2 ) = 4. Now, define an /-coloring c : E(G) —» 
{ 1 , 2 ,3,4} as follows. 


Let c(e) = 9(e), for every e £ E(L), c(vu 5 ) = l,c(vw 2 ) = 2, 0 ( 1131111 ) = 3, c(v2W\) = 4 and 
0 ( 11114 ) = a, c(v\W\) = b, where a and b are the colors missed in coloring 9 in 114 and t’i, respectively. 
Let (v, U\,U 2 , 113 , w\). Now, by a suitable /-coloring of ( v , U\,U 2 , U 3 , w 1 ), we extend the /'-coloring 
9 of L' to an /-coloring c of G. With no loss of generality, one of the following cases may occur: 


u , 



color 1 
color 2 
color 3 
color 4 




Figure 5: 4-edge coloring of (v,u\,U2,U3,w\) 

• a = 4, b = 3. It is easy to see that one of coloring of graphs shown in Figure 5 works in this 
case. 

(in) A f(G) > 5. 

Consider G\{v}. Now, add two new vertices v\ and V2 to G\{v}, join v\ to {iti, w 1,. .., u , a / (G)-i} 
and i>2 to {it2,..., 1(5, ica / (g)) • • • > W2a / (G)-6}- Call the resultant graph by L. Let /' : V(L) —> N 
be a function defined by 


f(z) 


f(z) zeV(G)\ M, 
1 z£{vi,v 2 }. 


It is easy to see that L is connected, A f(L) = A/(G) and V(L/\ f ,) = C(Ga / )U{iii}. Noting that 
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\Nl^ (wi)| = 1 and using Theorem [T3l L has an /'-coloring with colors {1,..., A f(L)}, call 9. 
Now, define an /-coloring c : E(G) —, A/(G)} as follows. Let 


c(e) = 9(e) 
c(vu i) = 9(u\V\) 
< c(vui) = 9 (uiV 2 ) 
c(vWi) = d(v\Wi) 
c(vwi ) = 6 (v 2 Wi ) 


for every e G E(G \ {«}) 


for i = 2,... ,5 

for i = 1,..., A f(G) — 1 

for * = A/(G ),, 2A f (G) — 6 . 


This implies that G is /-Class 1, a contradiction. 

Case 3. |-/V Ga/ (i;)| = 6 . 

Let Nq a ( v ) = {rti,..., iig} and Nh(v) = {u>i,..., w 2 A f (G)- 7 }- Since G is claw-free, every induced 
subgraph of order 3 of (AT Ga ( v )) has at least one edge. Thus (Nc^ f (v)) is disjoint union of two 
K3. With no loss of generality, assume that 

(ui,u 2 ,w 3 ) — (Ui, U 5 , Ue) 7 ^ K 3 . (7) 

Thus, one can assume that 

for every vertex x with f(x) = 2, (-Ng A/ (x)) is the disjoint union of two K 3 . ( 8 ) 

Clearly, since dc(v) = 2A/(G) — 1 > 6 , we conclude that A/(G) > 4. Now, three cases may be 
considered: 

(i) A/(G) =4. 

Clearly, dc(v) = 2A/(G) — 1 = 7 and Nh(v) = {rci}- We claim that \Nc^ f (v) G Nc Af (wi)\ > 3. 
Because otherwise, w\Ui j E(G), for j = 1,..., 4, where Uy € AT Ga (v). By (0 and with no loss 
of generality, we can assume that ^ E(G). Then (v,wi , 1 ^, 1 ^) is a claw, a contradiction. 

Now, we divide the proof of this subcase into two parts: 

• |1V(3 A (v) C\ Ng(w±)\ > 4 . Then, dc(wi) > 5 and since A/(G) = 4, we conclude that 
f(w 1) > 2 and by Claim 1 we find that f(wi) = 2 . Now, using 0 , (Ng^ (w 1)) is disjoint union 
of two K 3 . Since |Ag a ^(u!i) fl {u\,u 2 ,u 3 }\ > 1 and | 1 V Ga ^(wi) Cl {u4,U5,uq}\ > 1 , we conclude 
that Nc Af (w 1) = {mi, ..., uq}. Then, it is easy to see that G is the graph shown in the following 
figure which is colored with A/ (G) = 4 colors and the proof of this subcase is complete. 



color 1 
color 2 
color 3 
color 4 


Figure 6 : An /-coloring of G with 4 colors 
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• |JVg a (v)nNG{wi)\ = 3. Since da{w i) > 4 and w\ 0 V(G&.), f(w i) = 2. Using (0 and with 
no loss of generality we can assume that Nc Af {wi) (~l Nc Af {v) = {w-i, it 2 , U 3 } and there are three 
vertices call xi,X 2 ,X 3 G Nc Af {w i) such that (xi,x 2 ,X3) ~ K3. Consider L = G\{ui,U2,U3,vwi}. 
Let /' : V(L) — > N be a function defined by f'{z) = f{z ), for every 2 G V(L). Now, we want to 
prove the following claim which introduces a coloring of L with some properties. 

Claim 2. L has an /'-coloring c with four colors {1, 2,3,4} such that 

|{c(iuixi), c(tuix 2 ), c(tuix 3 ), c(vui), c(vu 5 ), c(wu 6 )}| = 4. 

Proof of Claim 2. We consider two cases. 

First assume that L is not connected. So, L has two connected components, one of them 
containing v and another containing w\. It is easy to see that for every connected component 
I of L, A f> (I) = A f(L) = Af(G) and so A(/a // ) = 2. Now, since f'(v) = f'{w\) = 2 and 
dh{v) = d L (wi ) = 3, by Theorem fl()l every component of L is /'-class 1. Moreover, noting that 
f(v ) = f'(wi) = 2 , we obtain that there are at least two distinct colors appeared in the edges 
incident with v and also with w\. Now, by a suitable permutation of colors on these edges in one 
of components, Claim 2 is proved. 

Now, assume that L is connected. Consider K = L\{w 1,X1X2,X2X3,X1X3}. Let /" : V(K) —>- 
N be a function defined by 


/"(*) 


f'(z) z€V(L)\{ Wl }, 

1 Z = V. 


We want to show that K is /"-Class 1. It is not hard to see that every connected component 
of K has at least one of the three vertices {xi,X 2 ,X 3 }. Let J be a connected component of K. 
If A r {J) < Af"(K), then by Theorem [l] J has an /"-coloring with 4 colors. So, assume that 
A/"(J) = A f"(K) = 4. Now, since there exists x,; G V(J), for some i G {1,2,3} and noting that 
dj(xi) = 1, by Theorem fTTTl J is /"-Class 1 and so K has an /"-coloring with 4 colors {1,2,3,4}, 
call 9. Let Nk{x 1) = {yi}, Nk{x2) = {y 2 } and Nk(x 3) = {ys}. We want to show that 

|{0(aTyi),0(x2y2),0(a;3y3)}| ^ 2 - ( 9 ) 

Because otherwise, we have |{0(xiyi), 9 (x2lj2), 0 (^ 3 y 3 )}| = 1- Now, since for every vertex u G 
V(G), f(u ) < 2, we conclude that |{yi,y 2 ,y 3 }| > 2. With no loss of generality, one can suppose 
that yi is not adjacent to x 2 and X3. Using (@, we find that /(yi) = 1 and so /"(yi) = 1. Thus 
since dx(y 1 ) = A f»(K) — 1 = 3, there is a missed color call a in yi different from 0(xiy\). One 
can replace 0(xiyi) by a. Thus {9} holds and we are done. 

Now, with no loss of generality and noting that f"(v) = 1, one can assume that 6 (vu±) = 1, 
0(vus) = 2, 9(vuq) = 3, 0(xiyi) = a, 0 (x 2 y 2 ) = /3 and di^x^y^) = 7 . Now, to prove Claim 2, it 
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suffices to extend the /"-coloring of K to an /'-coloring of L. To see this, in the following figures, 
we introduce such a suitable coloring for (wi,Xi,X2,X3) U {xiyi, X2I/2, £32/3}- 





a = p = 4,y = 1 


color 1 
color 2 
color 3 
color 4 


a = 1, p = l,y = 2 


Figure 7 : A 4 -edge coloring of (wi,xi,X2,X3) U {xiyi, X2IJ2, £32/3} 


Note that if a = /? = 1 and 7 = 4 , then since f"(y 1) = 1 , there is a missed color in y 1 different 
from 1 . Now, by changing color w\X 1 by this missed color, similar to one of the coloring of graphs 
shown in Figure 7 , we are done. 

Now, we can easily color (v,111,112,113,1x1) by colors { 1 , 2 , 3 , 4 } similar to one of the graphs in 
Figure 5 . This implies that G is /-Class 1 and we are done. 


(**) A f (G) = 5 . 

By®, U1U4 £ E(G). Thus u\W\ £ E(G) or U4W1 £ E{G). With no loss of generality, assume that 
u\VJi £ E{G). Since two graphs (■ v,u\,u,4,W2 ) and (v, u\, 114, W3} are not claw and da{ui) = 5 , 
with no loss of generality, we can suppose that U1W2 £ E(G) and U4W3 £ E(G). Moreover, 
since (v, ui, 115, W3) and (v, 111,116,1x3} are not claw and Ng{ui) = {v, 112,113,11)1,1x2}, we have 
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U 5 W 3 ,uqW 3 £ E(G). Now, we want to show that 

UiWj £ E(G), for * = 2,3 and j = 1,2. (10) 

To the contrary and with no loss of generality assume that U 2 W\ ^ E{G). Then since (v, U 2 ,Ui,wi) 
is not a claw, we have UiW 1 £ E(G), for i = 4,5,6. This implies that dc('Wi) > 5 and since 
A /(G) = 5, we conclude that f(w 1 ) = 2. Now, by (0), U 2 W 1 £ E(G), a contradiction. Similarly, 
other items of (flOl) hold. 

Now, we would like to show that G is /-Class 1. Two cases may occur: 

• W 1 W 2 E(G). 

Since (v,U 4 ,w\,W 2 ) is not a claw, with no loss of generality, U 4 W 1 £ E(G ) and so dc(w 1 ) > 5, 
which implies that f(w 1 ) = 2 and by ([ 8 ]). uqW\ : uqW\ £ E{G). Since dciwi) = 9, there exists a 
vertex z £ Nc{w 1 ) \ {u, Ui,.. ., uq, W 3 } and (z, u\,U 4 ,wi) is a claw, a contradiction and the proof 
of this case is complete. 

• W 1 W 2 £ E(G). 

Clearly, (v, u\, 112 , U3, w\, W 2 ) — Kg and so 

for every vertex v with f(v) = 2, v is contained in a Kq. (11) 


Note that since dc{wi) > 5 and Wi qL V(Ga / ), by Claim 1 we conclude that f(wi) = 2, for 
i = 1,2. Let P be the induced subgraph on the union of vertices of all Kq in G. First note that 
three vertices of each Kq have degree 5 in G. This implies that every two Kq have at most three 
vertices in common. Also, every two Kq have not one vertex in common, because otherwise there 
exists a vertex of degree 10 in G. On the other hand, every two I\q have not three vertices in 
common, because otherwise there exists a vertex v £ V(P) such that dp(v) = 8 and it is not hard 
to see that v is a center of a claw in G, a contradiction. Thus, the vertex set of every two Kq have 
empty intersection or they have exactly two vertices in common. Hence each connected component 
of P is one of the following figures. 




Figure 8: Every component of the graph P 
Define /' : V ( P ) —* N as follows: 
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1 if dp{z) = 5 

2 if dp{z) = 9. 


/'(*) = 


It is not hard to see that P has an /'-coloring with colors {1,..., 5}. 

Now, let L = G \ E(P). We would like to prove the following claim. 

Claim 3. x'(L) = 5. 

If the claim is proved, then we color all edges of L and P by 5 colors to obtain an /-coloring 
of G. Since for every vertex v which are incident to some edges in L and P, we have f{y) = 2, we 
find an /-coloring of G using 5 colors. 

Proof of Claim 3. Clearly, the maximum degree of each connected component of L is at most 
5. If the maximum degree is less than 5, then by Vizing’s Theorem we are done. Now, let / be a 
connected component of L such that A (I) = 5. Note that V(Ja) C V(GA f ) and A(/a) < 2 . Note 
that since G is connected, there exists a vertex x G V(I) fl V(P) and so di(x) > 1. Since S(P) = 5 
and dc{x) = 9, we conclude that di(x) = 4. This implies that f{x) = 2 and by ©, it is not hard 
to see that | IV/(x) 0 P(Ga / ) |= 3 and so there exists a vertex y G Nj(x) such that di(y) = 4. Let 
IV/(x) fl P(Ga/) = {u,u',u"}. Obviously, since G is claw-free, yu,yu',yu" G E(I). 

Let J = I \ {x,y,uu',uu",u'u"}. We show that J has a 5-edge coloring. If A(J) < 4, then 
by Vizing’s Theorem, J has a 5-edge coloring. Thus assume that A (J) = 5 and so A(Ja) < 2 
and dj(u) = dj(u') = dj{u") = 1. Hence by Vizing’s Theorem and Theorem 0 every connected 
component of J has a 5-edge coloring. Let Nj(u) = {z},Nj(u') = {z'} and Nj(u") = {z" }. We 
claim that there exists a 5-edge coloring of J in which color of edges uz, u'z' and u"z" are distinct. 
To see this, if z = z' = z". then we are done. If z z' = z" and color of edges uz,u'z' are the 
same and different from color of the edge u"z", then since dj(z') = 4, we conclude that there 
exists a missed color in z' which is different from the color of u'z' and u"z". Now, by substituting 
this missed color with the color of u'z 1 , we are done. Now, assume that z,z' and z" are distinct. 
Then, remove three vertices u, u r , u" of J. Also, add a new vertex s, join s to the vertices z, z' , z" 
and call the resultant graph by K. Now, since A (K) = 5, A(A'a) < 2 and S(K) = 3, by Theorem 
[3 K has a 5-edge coloring. Now, by a suitable extending this 5-edge coloring to a 5-edge coloring 
of J, we conclude that there exists a 5-edge coloring of J such that three distinct colors appear in 
edges uz,u'z' and u"z". 

Now, we want to extend the 5-edge coloring of J to a 5-edge coloring of / to complete the 
proof of Claim 3. To see this, we show that there exists a 5-edge coloring for Q = (u,u’,u",x,y) 
such that three missed colors in u, u' and u" are distinct. Add a new vertex q to Q and join q to 
u,u’,u" and call the resultant graph by R. Clearly, R is the subgraph of K e and so x'(P) = 5. 
Now, Claim 3 is proved. 

(Hi) A f(G) > 6 . 

Consider G \ {u}, add two new vertices v±,V 2 to G \ {?;}, join Vi,V 2 to {zti, w i, • • •, wa;(C)-i} an d 
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{it 2 , ■ ■ ■, uq, WA f (G), ■ ■ ■ i w 2 A f (G)- 7 }i respectively. Call the resultant graph L. Let /' : V(L) 
be a function defined by 


N 



f(v) v G V{G) \ {V,V!,V 2 } 
1 ve{v!,V2}- 


It is easy to see that L is connected, A f{L) = A /(G) and V{Lj\ f ,) = V(G/± f ) U {vi}. Noting that 
|(ui)| = 1. Now, by Theorem fldl L has an /'-coloring with colors {!,..., A//(L)}, call 9. 


Now, define an /-coloring c : E(G) —, A/(G)} as follows. Let 


c(e) = 9{e) for every e G E(G) fl E{G') 

c(uiv) = 9(uiVi) 

c{uiV) = 9(uiV 2 ) for i = 2 ,... ,6 

c(vwi ) = 9{v\Wi ) for i = 1,..., A/(G) — 1 

c(vwi) = 9(v2Wi) for i = A/(G),..., 2A/(G) — 7. 


Thus G is /-Class 1, a contradiction and the proof of the theorem is complete. 
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